ABSTRACT. The behavicur of compactness under real interpolation it diseusted. Classical results due to Krasnosel'skii, Lions-Peetre, Persson and Hayakawa are described, as weIl as others obtained very recently by Edmunds, Potter, Fernández and Ihe author.
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Titjs result was proved in 1926 by M. Riesz witit tite restriction p~q. Later on, Titorin in 1938 gaye an entircly new proof removing the restriction p~q (see [II and [13] ).
In connection with titis titeorem, a natural question arises: witether or not tite compactness propeny of a linear operator can also be iníerpolated.
In 1960 titis problem was solved affirmatively by Krasnosel'skii [7] . He proved titat under tite itypotitesis of tite Riesz-Titorin theorem, ifq, < oc and -' L, is a compact mapping, titen T:L, -. L, is also compact.
Anotiter main result in interpolation titeory is tite Marcinkiewicz interpolatjon titeorem. Before stating titis, let me recalí titat [1] and [13] ).
Tite study of abstract interpolation titeory siarted in tite early 1 960's. it was motivated by questions connected with partial differential equations. Two main metitods were developed, tite complex metitod (associated witit tite Riesz-Titorin titeorem) and tite real metitod (connected witit tite Marcinkiewicz titeorem). Let me recail tite definition of tite real interpolation space. It turns out titat we obtain sucit a Banacit space, witicit also itas tite onterpolation property:
Ib T js a linear operator, witicit maps A, continuously into 11/] 0,1)
[(A,,A,) and <R,,B,) being compatible couples of Banacit spaces ] titen
T:A.,.,-. Be., ís also bounded <see [1] aud [13] for detajís on titis metitod>.
As an example, let us mention titat tite following formulae itoid (equivalent norms)
Let us focus our attentjon on tite beitaviour of compactness under titis interpolation metitod. In otiter words, let us consider tite problem of witether or not Krasnosel'skii's result can be extended to titis abstract framework.
Tite first result jn titis direction appeared in 1964. It is contained in tite famous paper by Ljons and Peetre [9] on tite real interpolation metitod. In fact, titey proved a more general result covering alí interpolation functors E sucit titat bor every Banacit couple (A0,A), tite space F(AQ,A1) is a Banacit space obclass (7(04) (see [1] ). In particular, tite result is also true for tite complex metitod.
Note titat in titis result we always have a degenerate couple. An abstract general resulí for tite case A0 != A and B0 # fi1 was establisited in 1964 by A. Persson [12] . In tite proofite used tite Lions-Peetre titeorem and required tite following approximation propeny on tite last couple:
Itere exists a set 19 of ljnear operators
2) ¡¡PJL,,1~C(j = 0,1) for al! P e 19. An approximation condition of titis kind was also used by Krein-Petunin [8] to prove a cornpacíness íiteorem between scales of Banacli spaces. In fact, as early as Krasnosel'skii's paper tite sequence of paniaJ sum operators associated to tite Haar basis was used to derive tite compactness result. Note titat titis sequence itas tite properties (1) - (3) . Again Persson's resulí is true for tite same class of interpolation functors E titat we mentioned bebore.
So bar as we are aware tite only result for tite general case wititout an approximation itypotitesis is titat given by Hayakawa [5] A transparent proof oftitis result itas been given very recently by Edmunds, Potter and tite autitor [2] . Tite approacit developed titerejn enables us to indude tite cases O < g < 1 and q = oc witich were not considered by Hayakawa.
Note titat ib O < g~c1, Á 6q still makes sense and itas tite interpolation property. Tite functional II ¡¡a, is no longer a norm since it does nol satisfy tite triangle inequality. Tite funtional J I II., is only a quasi-norm.
Let me state our result and describe tite majn jdeas ob tite proob. It only works for tite real metitod.
Theorem 1. Leí <A0,A,) and (fi0,fi) be compatible coup/es offianacir spaces and leí T he a linear openator sucir tirat T:A,-.R0 and T:A1-.B, are compací. Tiren
Sketch of the proof. <fulí details can be found in [2] ). Let ¿ be tite closure of is also compací. For titis purpose, lel us consider tite following families of mappings between tite sequence spaces. Given (ir.,) e C'i>(Dm) + Ct (amD,.,) and n e N, pul = (...,O,0,x.,<,ir.,~» Y 0,..., ir., 2,x., ,O, ir
We sitalí see that lis tite limit of the sequence (P,7}~< this sequence is formed by compact operators. With a similar reasoning, but now using tite fact titat 1~A -. C~(r"'D~) is compací, we obtain titat On tite otiter hand, it is sitown in [2] , Lemma 2.1, titat Titis ftnisites tite proob. 5
Titese íecitniques also allow us to sitow titat tite same conclusion itolds witen tite assumption 7': A-B, compactly es replaced by fi, continuously embedded in fi0 (see [2] , Titeorem 3.2), Note titat titis lasí result is a natural extension of tite Lions-Peetre titeorem <i).
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Now tite question is witetiter or not tite corresponding extension of pafl (u) in tite Lions-Peetre titeorem also itolds. Titis problem itas been solved in tite affirmative in a paper by Fernández and tite autor [3] . lo be precise, we itave establisited. Tite proob of titis result is based on tite description ob tite real interpolation space titrougit tite J-bunctional
Let me recalí titat x e A,, if and only if titere exists a sequence
.x=~u,., <convergence in A0+A) and Moreover ¡hill,, is equivalent to mf { III(ujII!,, witere tite infimum is extended over alí sequences <u.,,) satisfying (4) and (5).
Instead ob tite C~spaces modelled on tite sum fi,+fi titat we itave used before, we now need vector-valued 4 spaces modelled on tite intersection
A0nA (see [3] , Titeorem 2.1).
Tite procedures we used in Titeorems 1 and 2 also work for tite (more general) metitod of interpolation witit a flinction parameter (see [2] , Theorem 3.3). We reber to [11], [4] and [10] for details on titis metitod. Using it one can obtain certain Orlicz spaces as interpolation spaces between L~-spaces.
Finally, let us mention titat in [2] one can find applications ob our jnterpolation results to sitow titat certain integral operators are compact. In particular, we derive a titeorem ob titis kind due to Kantorovicit [6] .
